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Based on our recent data on the elasticity of olivine in the forsterite-fayalite series, Birch's law for the velocity
density-mean atomic weight relation is used to construct the equations of state of spinels in the Mg2Si04-FIl2Si04 
system. The equations of state of these olivine-transformed spinels are first presented and then disc;ussed in relation 
to the equations of state of the same compositions in the olivine structure. Effects of the iron/magnesium ratios in 
these mineral systems on the solid equations of state are discussed. We conclude that (1) Birch's law is a useful 
scheme by which we can deduce equation-of-state parameters of the yet unmeasured olivine-transformed spinels; (2) 
the olivine-transformed spinels are less compressible than olivines at all pressures; (3) the {3-M~Si04 (spine!) is more 
compressible than the Fe2Si04-spinel, although in the olivine structure fayalite was seen to be more compressible 
than forsterite; and (4) the incompressibility values for the olivine-transformed spinels are in the neighborhood of 2 

Mb and their first pressure derivatives range from 4 to 5 as the iron/magnesium ratio in the lattice increases. 

I. Introduction 

The equations of state of solid phases in the 
Mg2Si04 - Fe2Si04 system are of special interest in 
the study of the physics and chemistry of the earth's 
mantle. The transition region at a depth of about 350 
km in the earth is characterized by an abrupt in
crease in seismic velocity. This seismic observation has 
been attributed to pressure-induced changes in the 
crystal structure of the mantle materials. Laboratory 
petrological studies at high pressures and high temper
atures (see, for example, Ringwood [1] for a review) 
have shown that olivine, a major component of the 
mantle, transforms to a spinel type structure with a 
density increase of about 10%. D.L. Anderson [2] at
tributed the seismic velocity jump observed at about 
400 km in the earth to this olivine-spinel phase 
change. A study of the equations of state of solid 
phases in these mineral systems is then essential in 
geophysics for a better understanding of the mechan
ical and thermal state of the mantle . The equations of 
state of olivines as functions of iron/magneSium ratios 

have been studied in an earlier paper [3]; the equa
tions of state of olivine-transformed spinels in the 
(MgxFel_x) 2Si04 series are presented in this commu
nication as part of our continuing investigations. 

Laboratory determination of sound velocities in 
the olivine-transformed spine Is is not easy. The diffi
culty in the experiment is two fold: (l) one has to 
produce the olivine-transformed spinels in the suffi
cient quantity under high-pressure and high-tempera
ture conditions and (2) one must be able to sinter the 
material in a dense form without converting it back to 
olivine (or, one must be able to grow the olivine-trans
formed spinel single-crystals large enough to make 
acoustic measurements on them). 

The first part of this paper presents the elastic con
stants and the equation-of-state parameters of olivine
transformed spinels, deduced from the application of 
Birch's law, followed by a comparison of these equa
tions of state with experimental compression data. Ef
fects of iron/magnesium ratios on the equations of 
state for these mineral systems are then illustrated. 
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2. Birch's law and equation-of-state parameters 

Birch [4,5] in 1961 observed that the velocity of 
compressional waves Vp in minerals and rocks depends 
essentially on density in a linear fashion for sub
stances with similar mean atomic weight. He made 
this important observation on the basis of his system
atic investigation [5,6] of the behavior of compres
sional wave velocities in minerals and rocks at high 
pressure . Birch [4] then concluded that the velocity 
~ in isotropic aggregates of oxides and silicates is 
mainly a function of density and mean atomic weight 
and that the variation of density for substances with 
the same mean atomic weight reflects structural and 
compositional differences. This is known today as 
Birch's law for the velocity-density-mean atomic 
weight relation . McQueen et al. [7] observed for simi
lar materials that the bulk sound velocity ~, fre
quently called the "hydrodynamical velocity", is pro
portional to density. Wang [8] also observed the lin
ear variation of the bulk sound velocity with density 
in compressed periclase . Based on velocity measure
ments of shear waves ~ in minerals and rocks, Sim
mons [9] observed that the shear wave velocity also is 
a linear function of density, although a few excep
tions to the above were noted by Simmons. [9]. These 
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Fig. 1. Velocity of compressional waves-density-mean atomic 
weight relation for olivine and the olivine-transformed spinels 
in the (MhFel-x) 2Si04 system. The olivine data are from 
refs. [3, 10] and the olivine-transformed spinel data are esti-

ma ted values. 

observations essentially support Birch's law, and they 
have important implications in geophysics since they 
enable one to estimate velocities of elastic waves in 
solid phases that are as yet unmeasured. 

The velocities of compressional and bulk waves in 
olivines with different Fe/(Mg + Fe) ratios are plotted 
in figs. 1 and 2, respectively, as a function of density. 
The data on these velocities are from recent work of 
this author, and they are based on a systematic mea
surement of the velocity of both compressional and 
shear waves in synthetic olivine polycrystals [3, 10]. 
Under pressure, the density of an olivine with a spe
cific (Fe/Mg) ratio would increase through a gradual 
decrease in mean atomic volume, while the velocity 
of elastic waves will increase in the manner illustrated 
in fig. 3. The path indicated by the dashed line would 
be the actuaI'velocity-density trajectory as the olivine 
is compressed. Olivine transforms into a spinel struc
ture at high pressure ; this phase change is accompa
nied by a density increase of IO to 12%. Knowing the 
end-point density of the olivine-transformed spinel, 
we can estimate its velocity in the manner illustrated 
in fig . 3. Thus, as noted before [3, 10], the velocity 
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Fig. 2. Bulk sound velocity-density-mean atomic weight rela
tion for olivjnes and the olivine-transformed spinels in the 
(MgxFel-x)2Si04 system. The olivine data are from [3, 10J 
and the olivine-transformed spinel data are estimated values. 
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Fig. 3. The density-velocity relation for a solid undergoing 
the fust-order phase change. 

after interpolation to zero pressure would be repre
sented by an intercept of two lines drawn from den
sity and mean atomic weight as shown in figs. 1 and 2. 
In table 1 these estimated velocities for the olivine
transformed spinels in the Mg2Si04- Fe2Si04 system 
are listed. In their recent publication, Mizutani et al. 
[11] reported that they have successfully prepared a 
fayalite-transformed spinel sample and measured the 
compressional velocity of 8.0 (±O. 1) km/sec at am
bient conditions. This value is about 21 % greater than 
the compressional velocity measured in fayalite sam
ples as noted in ref. [10] . The compressional velocity 
of 8.0 km/sec [11] is in remarkable agreement with 
8.05 km/sec, a Vp value found by the intercept of the 
two lines drawn for the density and the mean atomic 
weight [3, 10] ; thus, again, Birch's law is seen to be 
confirmed. 

The bulk modulus also changes with phase change. 
Since the adiabatic bulk modulus Ks is related to den
sity p and the bulk sound velocity ~ by 

K = pV 2 (I) 
s I/> 

Ks can be evaluated. The Ks values thus found for the 
olivine-transformed spinels are listed in the 8th col
umn of table 1 and compared in fig. 4 with the respec-
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Fig. 4. Bulk modules of olivines and the olivine-transformed 
spinels in the (MgxFel- x) 2Si04 system. The olivine data 
points are from [3, 10) and the olivine-transformed spinel 
data points are estimated values. The datum point (1) is from 
isothermal compression data in ref. [12] found by a curve-fit
ting procedure using the Birch equation of state with the as-

sumption that (aK/ap) = 4. 

tive Ks values in the olivine structure. Values of the 
bulk modulus show about a 45% increase for 
(J-Mg2Si04 (spine!) and 61% increase for the 
Fe2Si04- spinel from their respective bulk modulus 
values in the olivine phase. 

These estimated Ks values may be compared with 
literature data on isothermal bulk modulus values re
ported by Mao et al . [12], after appropriate correc
tion for adiabatic to isothermal modulus is made. Mao 
et al.[I2] presented values of the isothermal bulk mo
dulus K (found by a curve-fitting procedure using the 
Birch equation of state with the assumption that 
(3K/3P)r = 4) for three olivine-transformed spinels 
from their measurements of volume change with pres~ 
sure. Their results [12] are 2.12 (±O.IO), 1.96 (±0.10), 
and 2.08 (±O.IO) Mb for the isothermal bulk modulus 
of Fe2SiOcspinel, (Mg0.1FeO.9) 2SiOCspinel, and 
(MgO.2FeO.g) 2Si04-spinel, respectively. These values 
of K reported by Mao et al. [12] compare favorably 
with 1.96, 1.95, and 1.94 Mb, respectively, calculated 
from eq. (1) for spinels of the same compositions. 



Table 1 
Elastic properties of olivine and olivine-transformed spinels in the Mg2Si04-F~Si04 system *. 

Mg/(Mg+Fe) Vp Vs Vs C~) ratio, Phase in p Ks Remarks 

mole % (g/cm3
) 

(km/sec) (Mb) 

tl 
100 Olivine 20.1 3.217 8.534 4 .977 6.309 1.281 5.04 Experimental ::x: 

Spinel 20.1 3.556 9.66 5.54 7.24 1.86 4.4 Estimated 9 
95 Olivine 20.6 3.273 8.422 4.892 6.245 1.277 5.08 Experimental 

:: 
~ 

Spinel 20.6 3.620 9.57 5.48 7.18 1.87 4.4 Estimated 
~ 

90 Olivine 21.0 3.330 8.317 4 .815 6.189 1.274 5.13 Experimental 
:;:. 
S· 

Spinel 21.0 3.683 9.49 5.42 7.13 1.87 4.5 Estimated '" ::; 
'" 85 Olivine 21.5 3.386 8.216 4.739 6.132 1.272 5.13 Experimental ;" 

~ 
Spinel 21.5 3.750 9.41 5.36 7.10 1.88 4.5 Estimated <::> ... 

;:! 

80 Olivine 21.9 3.440 8.116 4.663 6.075 1.269 5.23 Experimental ~ 
Spinel 21.9 3.815 9.33 5.29 7.05 1.89 4.6 Estimated {g 

S· 
'" 50 Olivine 24.6 3.800 7.534 4.213 5.753 1.258 5.44 Experimental 
., 

Spine1 24.6 4.209 8.85 4.92 6.78 1.93 4.8 Estimated 

0 Olivine 29.1 4.393 6.637 3.494 5.273 1.220 5.92 Experimental 

Spinel 29.1 4.849 8.05 4.28 6.35 1.96 5.1 Estimated 

±0.2% ±0.5% ±0.5% ±0.8% ±1.8% ±5.0% Expected 
error 

* Data from ref. [3]. 
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Birch's law for the bulk sound velocity-density-mean 
atomic weight relation is 

VIP =a + bp (2) 

where the constants a and b can be obtained from a 
least squares fit of experimental values of VIP obtained 
from substances of similar mean atomic weigh t (or 
from substances of the same mean atomic weight, as 
was done by Wang [8]). In terms of Birch's law, 
Chung [13] has shown that 

3K ~ 
(_s) =1+ 2 bp + ~ (3) 

3p srn V K , IP s 
where Ks is in megabars and VIP is in kilometers per 
second. Using eq. (3), values of (3KJ 3p ) for the 01-
ivine-transformed spinels were calculated from p, ~, 

and Ks in table 1; in table 2, these calculated results 
are then compared with earlier estimates made by this 
author. The agreement between these two sets is satis
factory. 

AI though the chemistry of spinels in the (Mg,F e) 
AI20 4 compositions differs from that of the (Mg,Feh 
Si04 -spinels, their elastic properties are probably' 
identical. * Support for the present estimates of equa
tion-of-state parameters for the olivine-transformed 

* From the structural point of view, the spinels in the (Mg, 
Fe) A1,O. system differ in two ways from those of the (Mg, 
Fe) ,SiO. composition. In the former case, there are 8 (Mg, 
Fe) AI,0. units per unit cell, wherein the divalent cations 
are in the fourfold coordination and two trivalent a1uminum 
ions are in the six fold coordination. In the latter case, there 
are 8 (Mg, Fe) ,SiO. units per unit cell; the divalent cations, 
which are twice as numerous as the tetravalent silicon in a 
given unit cell, are in the fourfold coordination and the sili
con ion in the sixfold coordination. In both cases, however, 
the structure consists of a cubic closely-packed array of oxi
gen ions with the sixfold coordinated cations occupying the 
octahedral interstices and the divalent cations the tetrahe
dral interstices. Ionic sizes of these cations in the octahedral 
sites do not differ much, i.e. , according to Pauling [14] 
A13

+ has the ionic radius of O.50A and sf+ has 0.41A. One 
would expect that, for the same (Fe/Mg) ratio in the tetra
hedral sites in these two spinel compositions, the elastic 
properties like the bulk modules and its rate of change with 
pressure would not differ very much from each other. How
ever, because there are twice the number of iron atoms in 
the (mg,Fe) 2Si04 composition as compared with the (Mg, 
Fe) AI20 4 spinels, the greater effect of an iron sustitution 
for magnesium on the elastic properties would be expected 
for the (Mg,FehSi04 composition than for the Ah04 spinels. 

spinels then comes from recent ultrasonic measure
ments of (3Ks/3p) for spinels in the (Mg,Fe) AI20 4 
system. The elastic constants of the stoichiometric 
MgAl20 4 spinel were first studied by Chung et al. [15] 
with hot-pressed polycrystalline samples. Lewis [16] 
and more recently O'Connell and Graham [17] stud
ied the single-crystal elastic properties of this spinel; 
their results at ambient conditions are found to be in 
good agreement with the results from polycrystalline 
work. Schreiber [18] measured a (3Ks/3p)T value of 
4.18 for a spinel with the Mg(2. 6) AI20 4 composi
tion. Chung [32], working with polycrystalline stoi
chiometric MgAI204 spinel, determined a (3Ks/3p)T 
value of 4.3 (±O.25). Using spinel of the same compo
sition, but working with single crystals, O'Connell and 
Graham [17] found the value of 3.76. O'Connell and 
Graham [17] also measured (3Ks/3p)T = 3.76 for the 
same specimen of Mg(2. 6) Al20 4 spinel that Schrei
ber [18] used in his original work; thus the apparent 
disagreement is noted for the work of refs. [17] and 
[18] . (The apparent difference in the (3Ks/3p)T value 
measured on the same sample, but different investiga
tors, seems to represent the present state-of-the-art in 
the attempt to characterize this important equation
of-state parameter of mantle minerals). In their recent 
paper, Wang and Simmons [19] reported a (3Ks/3p) 
value of 4.9 (±O.25) for a pleonaste-spinel of the 
"(MgO.75FeO.36) AI1.904 composition" . For compari
son with the elastic parameters estimated for spinels 
in the (MgxFel_x) 2Si04 system, the density and other 
parameters of various spinels in the (Mg,F e) AI20 4 
compositions are listed in table 3. As is clearly shown 
in table 2 and 3, the elastic properties of these spinel 
compositions are similar; values of Ks are in the neigh
borhood of 2 Mb and for (3Ks/3p) values are about 4 
to 5. Thus, in the absence of experimental measure
ment, the equation-of-state parameters of the 
(MgxFel_x) 2Si04- spinels estimated in this report 
provide a basis for specifying the desired equations 
of state of these olivine-transformed spinels in the 
Mg2SiOcFe2Si04 system. 

~-------- ---- ------- -~-- -- - --
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Table 2 
Estimated values of Ks and (aKr,/3p) for spinels in the Mg,SiO.-Fe,SiO. system. 

Mg/(Mg+Fe) p Ks from eq. (3) from table 1 
ratio, 

(g/cm3
) (Mb) (aKs/ap) (aKs/ap) 

mole % 

100 3.556 1.86 4.1 4.4 
95 3.620 1.87 4.2 4.4 
90 3.683 1.87 4.2 4.5 
85 3.750 1.88 4.3 4.5 
80 3.815 1.89 4.4 4.6 
50 4.209 1.93 4.8 4.8 

0 4.849 1.96 5.5 5.1 

Table 3 
Elastic properties and equation-of-state parameters of spinels in the (Mg,Fe) AI,O. system. 

Composition 
p Vp Vs !.I Ks 

Ca:s)T 
Ref. 

(g/cm 3
) (km/sec) (Mb) 

MgAl20 4 (p) * 3.581 9.761 5.492 1.080 1.972 4.30(±0.25) [15] 
MgAl204 (s) 3_581 9.764 5.492 1.080 1.974 3. 76(±0.04) [17] 
MgAl204 (s) 3.581 9.712 5.465 1.072 1.950 [16] 

Mg(2 .6) Al20 4 (s) 3.619 9.914 5.642 1.154 2.020 4.18(±0.09) *** [18] 
Mg(2.6) Al20 4 (s) 3.619 9.914 5.642 1.154 2.020 3.76(±0.04) *** [ 17] 

Mg(3 .5) Al204 (s) 3.630 9.928 5.660 1.164 2.026 [33] 

Pleonaste * * (s) 3.826 9.265 5.043 0.973 1.987 4.90(±0.25) [19] 

* (p) stands for polycrystalline samples and (s) stands for single-crystal samples. 
** This pleonaste has a "[(0. 75)Mg(0.36)Fe] AluxP4 composition" [19]. 

*** This apparent difference in the (aKs/ap) values measured on the same sample, but by different investigators, seems to indicate 
the present inaccuracies in the attempt to characterize this important equation-of-state parameter of mantle minerals. 

3_ Equations of state 

The forms of solid equations of state most often 
used in geophysics are those of Murnaghan and Birch. 
The Murnaghan equation of state [20], derived from 
the theory of finite strain, is an approximation in 
which the instantaneous bulk modulus is assumed to 
be a linear function of pressure. O.L. Anderson [21, 
22] , following Ryabinin [23] , demonstrated with 
fifteen substances an applicability of the Murnaghan 
equation for predicting the compression curve of a so
lid; however, a perusal of the theory of the Murnaghan 
equation of state indicates that the Murnaghan equa
tion should not be used for a solid in a pressure range 
above 0.5K. As stated by Chung et al. [24], use of the 

Murnaghan equation of state would lead to overesti
mates of the density and the seismic parameter rp at 
high pressures. The reasoning here is associated not 
only with the Murnaghan assumption of a linear vari
ation of the bulk modulus with pressure but also with 
an inadequacy of the functional form of the equation 
itself. In his review, Macdonald [25,26] presented 
several other limitations for the use of the Murnaghan 
equation of state at high pressures; he concluded from 
thermodynamics that the Murnaghan equation yields 
a finite negative pressure at which the density ap
proached a finite value which is an unacceptable result. 
Therefore, we use the Birch equation in our discussion 
of equations of state for the olivine-transformed spi
nels. 
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While the Murnaghan equation of state was found 
by integrating a Taylor expansion of the bulk modulus 
in pressure, the Birch equation of state is based on the 
Taylor expansion of the strain energy with respect to 
the Eulerian strain components. Thus, the Birch equa
tion of state is a phenomenological equation based on 
the rapidly converging Taylor expansion of the inter· 
atomic potential; the equation was derived from the 
finite strain theory of Murnaghan with the cubic and 
quadratic terms of the strain retained in the expression 
for Helmholtz free energy [27, 28] : 

the adiabatic pressure derivative of the adiabatic bulk 
modulus). 

Therefore, we propose the following equations of 
state for the olivine-transformed spinels in the 
(MgxFel- xh Si04 system: 

p = (3Ko!2)(y7 - y) [1 + A(m -4)ry2 -1)] (4) 

where y = (Vo I V)~ ~ {PI Po)t . KO and m are material 
parameters corresponding to the isothermal bulk mod
ulus and its first pressure derivative evaluated at zero 
pressure. (If eq. (4) is used in an adiabatic form, KO 
and m are respectively the adiabatic bulk modulus and 
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Fig. 5. Volume-pressure trajectories for olivines and the olivine-transformed spinels; comparison with isothermal compression data 
due to ref. (12). The solid lines are from the present work, and they are independent of the compression data points. 
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The volume-pressure trajectories inferred from the 
Birch equation of state are shown in fig. 5 for olivines 
and the olivine-transformed spinels in the Mg2Si04-
Fe2Si04 series. The equations of state of olivines in 
the forsterite-fayalite series have been presented ear
lier [3], and they are merely reproduced here to com
pare them with those of the olivine-transformed spi
nels. The points entered in fig_ 5 are isothermal com
pression data of a peridot-olivine, due to Bridgman 
[29], and of a fayalite-olivine due to recent work of 
Takahashi [30] *. The shock-compression data of 
McQueen et al. [31] for natural dunites are also com
pared with the volume-pressure trajectories for olivine . 
For the olivine-transformed spinels in the(MgxFel-x) 
2Si04 system, the only compression data, due to Mao 
et al. [12], are compared with the volume-pressure 
trajectories derived from eq. (5). It is apparent from 
fig. 5 that, although the present comparison is made 
for a pressure range of about 15% of the bulk mod
ulus, there is a strong evidence of agreement between 
the experimental compression data and the present 
equations of state of the olivine-transformed spinels. 
This agreement in turn may serve as supporting evi
dence for the idea presented in this communication. 

In addition, there is an important observation to 
be made from fig. 5. Shown here are the effects of 
iron/magnesium ratios on the compression curves of 
oJivines and the olivine-transformed spinels in the 
(MgxFel- J 2Si04 system. Effects of an iron substitu
tion for magnesium in these crystal lattices on the 
compression curve are such that the Fe2Si04-spinel 
is less compressible than the (j-Mg2Si04 (spinel) at 
all pressures, whereas in the olivine structure we have 
seen [3] that forsterite is less compressible than fay
alite. It may be of interest to note that, if the com
pression trajectories for forsterite and fayalite are ex
tended to pressures above their olivine-spinel phase 
transformation pressures, these two compression tra
jectories cross over at a pressure of about 180 (±20) 

* It may be noted that Takahashi found K = 1.35 (±O.IS) Mb 
by a curve-fitting procedure using the Mumaghan equation 
of state with the assumption that (aK/ap) = 4.5 for fayalite. 
As is shown in ref. [3], the (aK/ap) measured on fayalite 
samples is 5.97 (±0.3,2); using this value of (aK/ap) in the 
Mumaghan and Birch equations of state results in a K value 
of 1.2 (±0.08) Mb. This new value of the isothermal bulk 
modulusK is in good agreement with 1.211 (±0.024) Mb re
ported in ref. [10]. 

kb (corresponding to a volume ratio of (VIVo) = 0.9). 
Above this pressure, fayalite is less compressible than 
forsterite; this extended observation is consistent with 
the compression curves of the olivine-transformed spi
nels presented in this paper. 
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